Abstract. We study theoretically the influence of the surface plasmon excitation on the Goos-Hänchen lateral shift of a p-polarized Gaussian beam incident obliquely on a dielectric-metal bilayer in the Otto configuration. We find that the lateral shift depends sensitively on the thickness of the metal layer and the width of the incident beam, as well as on the incident angle. Near the incident angle at which surface plasmons are excited, the lateral shift changes from large negative values to large positive values as the thickness of the metal layer increases through a critical value. For wide incident beams, the maximal forward and backward lateral shifts can be as large as several hundred times of the wavelength. As the width of the incident Gaussian beam decreases, the magnitude of the lateral shift decreases rapidly, but the ratio of the width of the reflected beam to that of the incident beam, which measures the degree of the deformation of the reflected beam profile, increases. In all cases considered, we find that the reflected beam is split into two parts. We also find that the lateral shift of the transmitted beam is always positive and very weak.
sublayer in both the Kretschmann and Otto configuration [32, 33, 34] . Shadrivov et al. have studied the GH shift in the Otto configuration with the metal sublayer substituted by a left-handed metamaterial [35] . A large GH shift with beam splitting was observed, and the energy transfer between the right-and left-handed materials was demonstrated by numerical simulations. There also exist studies to enhance the GH shift using various hybrid structures containing sublayers of graphene, MoS 2 or cytop [36, 37, 38] . Recently, much progress has been made on obtaining a tunable GH shift in the prism-coupling system, by applying an external voltage to a graphene sublayer and other heterostructures [39, 40, 41, 42] . Kim et al. have studied the GH shift of incident p waves in the Otto configuration containing a nonlinear dielectric layer and shown that its magnitude can be as large as several hundred times of the wavelength at the incident angles where the SPPs are excited [43] . Furthermore, they have shown that the sign and the size of the GH shift can change very sensitively as the nonlinearity parameter varies.
In this paper, we study the strong enhancement of the GH effect for incident Gaussian beams when SPPs are excited at the metal-dielectric interface in the Otto configuration. We examine the influence of varying the thickness of the metal layer and the incident beam width on the GH effect and find out optimal configurations for maximal forward and backward lateral shifts.
Our theoretical method is based on the invariant imbedding method, using which we transform the wave equation into a set of invariant imbedding equations to create an equivalent initial value problem [44, 45, 46, 47] . For the simplest case of multilayered structures made of uniform linear media, this method is equivalent to those based on the Fresnel coefficients. The invariant imbedding method has been employed to calculate the GH shift for plane waves incident on nonlinear media [43, 48] . It can also be applied to the case of graded media. Here we consider the interaction of a Gaussian beam with linear media. More details of our model and method will be presented in the next section.
Generalization of the invariant imbedding method to Gaussian beams
We assume the layered structure lies in 0 ≤ z ≤ L. A Gaussian beam with a finite half-width W is incident from the region where z > L at an angle θ i . For a p-polarized beam propagating in the xz plane, the y component of the magnetic field associated with the incident beam at the z = L plane can be written as
where W x (= W/ cos θ i ) is the half-width in the x direction. The center of the incident beam is at x = 0. The parameter k x0 (= k 1 sin θ i ) is the x component of the wave vector corresponding to the incident angle θ i and k 1 is the wave number in the incident region, which corresponds to the prism. The superscript (i) refers to the incident beam.
We consider the incident Gaussian beam as a linear combination of plane waves and write its field as
where the Fourier transformH (k x ) is given bỹ
The variable k x can be parameterized as k x = k 1 sin θ. We write the reflection and transmission coefficients corresponding to each Fourier component as r(k x ) and t(k x ) respectively. Then the field profiles for the reflected and transmitted beams H y (r) (x, z) and H y (t) (x, z) are given by
where k z (= k 1 cos θ) and k z ′ are the negative z components of the wave vector in the incident (z > L) and transmitted (z < 0) regions respectively.
The GH shifts for the reflected (∆ r ) and transmitted (∆ t ) beams, which are also known as the normalized first momenta of the magnetic field [35] , are defined by
The reflected and transmitted beams will be severely deformed when the half-width of the incident beam is small. In order to measure the degree of the deformation of the reflected and transmitted beams, we calculate the normalized second momenta of the magnetic field defined by
These expressions are just the first and second moments of a distribution function and give the average and the variance for a given statistical distribution function. The first moment can also be interpreted as the centroid of the area under the distribution curve.
The half-widths of the reflected and transmitted beams, W r and W t , are obtained using
In the expressions given above, the reflection and transmission coefficients play a crucial role. In order to calculate r(k x ) and t(k x ) in the wave vector space, we resort to the invariant imbedding method, which we summarize here briefly. For a p-polarized wave propagating in a nonmagnetic (µ = 1) layered structure along the xz plane, the complex amplitude of the magnetic field, H = H(z), satisfies the wave equation
where k 0 (= ω/c) is the vacuum wave number and ǫ(z) is the dielectric permittivity. We consider a plane wave of unit magnitudeĤ(x, z) = H(z)e ikxx = e ikz(L−z)+ikxx incident on the medium lying in 0 ≤ z ≤ L from the region where z > L at an angle θ. The complex reflection and transmission coefficients r = r(L) and t = t(L), which we consider as functions of L, are defined by the wave functions outside the medium bŷ
When ǫ is equal to ǫ 1 in z > L and ǫ 2 in z < 0, the wave vector components k x , k z and k z ′ are given by
′ is the angle that outgoing waves make with the negative z axis. We can transform the wave equation into a set of differential equations for the reflection and transmission coefficients using the invariant imbedding method [44] :
These equations are integrated from l = 0 to l = L using the initial conditions given by the Fresnel formulas
The reflection and transmission coefficients r(L) and t(L) calculated above are employed into the integral in (4), multiplying each Fourier component. The GH shift for reflected plane waves is computed and compared with those of beams, using Artmann's formula
where λ is the wavelength and φ is the phase of the reflection coefficient satisfying r = |r|e iφ .
Numerical results and discussion
We assume that a p-polarized beam is incident from a prism onto a dielectric-metal bilayer, which lies on a dielectric substrate, at room temperature. Both the prism and the substrate are assumed to have the same refractive index of 1.77 corresponding to sapphire. The refractive index of the dielectric layer is 1.46 corresponding to fused silica (SiO 2 ). Then the critical incident angle θ c is equal to 55.57
• . The vacuum wavelength of the incident wave λ is 633 nm and the dielectric permittivity of the metal layer ǫ m is −16 + i corresponding to silver at λ = 633 nm. In figure 1 , we show the schematic of our configuration. We note that we have a propagating wave in the substrate in the present geometry. We first consider the case where plane waves are incident. In figure 2 , we plot the GH shift normalized by the wavelength, δ r = ∆ r /λ, of the reflected wave calculated from Artmann's formula for plane waves versus the thickness of the metal layer normalized by the wavelength, x m = d m /λ, when θ i is fixed to 62.33
• . As x m is increased through the critical value x m,cr ≈ 0.08648, δ r changes rapidly from large negative values to large positive values. The value of the largest backward normalized GH shift is about −7957 at x m ≈ 0.08642, while that of the largest forward normalized GH shift is about 4214 at x m ≈ 0.08654. We note that the change of x m from 0.08642 to 0.08654 corresponds to the thickness change of just 0.076 nm. From many numerical calculations, we have found that the maximum GH shifts are obtained when θ i ≈ 62.33
• . Since the values of the GH shift for plane waves are much larger than those obtained for Gaussian beams and shown in figure 4 (a) below, we show them in separate figures.
Shen et al. have presented the results of the calculation and the measurement of the phase shift of the reflected wave in the Kretschmann configuration as a function of the incident angle [49] . It has been shown that the phase shift decreases monotonically with θ i , which corresponds to the forward GH shift, when the metal (Ag) layer is relatively thin, while it increases monotonically, which corresponds to the backward GH shift, when the metal layer is relatively thick. Shen et al. have shown that the forward shift changes to the backward shift when the metal layer thickness changes by only a few nanometers. We notice that the sign of the GH shift changes from negative to positive as d m increases in our case of the Otto configuration, whereas it changes from positive to negative in Shen et al.'s case of the Kretschmann configuration. In figures 3(a) and 3(b) , we show the forward GH shift for the reflected plane wave and the corresponding phase of the reflected wave as a function of the incident angle, when x m = 0.08657. We find that Φ r changes very rapidly and the GH shift becomes extremely large near θ i = 62.33
• . The maximum δ r is about 7450 at θ i = 62.332
• . Similarly, in figures 3(c) and 3(d), we show the backward GH shift for the reflected plane wave and the corresponding phase of the reflected wave obtained for x m = 0.08638. δ r is about −7814 at θ i = 62.3311
• in this case. We find that the maximal forward and backward GH shifts occur at the same incident angles where the reflectance takes a minimum value. We now consider the case where Gaussian light beams are incident. In figure 4(a) We observe in figure 4 (a) that the GH shift of the reflected beam changes its sign from negative to positive as x m increases through a critical value x m,cr . This value and the corresponding critical thickness of the metal layer, d m,cr , are found to vary very little as W is decreased from 320 µm (≈ 505.53λ) to 40 µm (≈ 63.19λ). As W is decreased further, d m,cr decreases noticeably. x m,cr is about 0.0862 and d m,cr is about Table 1 . We notice that for W/λ ≈ 15.8, the forward GH shift has no local maximum. Our result can be understood from the theory of the GH shift in multilayered structures, where the sign of the GH shift is determined by the competition between intrinsic damping and radiative damping [50, 51] . As the thickness of the dielectric or metal layer is varied, the GH shift becomes positive if the intrinsic damping (absorption loss in the lossy layer) is less than the radiative damping (leakage from the dielectric layer to the prism), and negative otherwise. Our result is consistent with this argument, since the intrinsic damping is inversely proportional to the thickness of the metal layer [51] . Thus the reduction of d m enhances the intrinsic damping, resulting in the negative GH shift in figure 4(a) .
Zeller et al. have also performed a theoretical analysis of the reflection coefficient associated with s-polarized SPPs in the Otto configuration containing a layer of a negative-index metamaterial instead of a metal layer [34] . They have found that the sign of the GH shift changes from negative to positive as the thickness of the dielectric layer, d d , increases.
In figure 4(b) , we plot the half-width of the reflected beam W r normalized by W versus x m . This value takes a maximum at x m ≈ 0.08647 for W = 320, 160 and 80 µm. The thickness for the maximum W r /W increases slightly to x m = 0.08683 for W = 10 µm. Thus the maximum distortion of the beam occurs near the critical thickness of the metal layer, but not at the exactly same thickness. We observe that W r /W is larger and the overall curve is broader when the GH shift is smaller and when the incident beam is narrower. In figure 5 (a), we plot δ r as a function of the incident angle for several values of W when x d is 0.5055 and x m is 0.08657. We find that the maximum value of the forward lateral shift, which is about 140 times of the wavelength when W is 320 µm and about 42 times of the wavelength when W is 160 µm, is an order of magnitude smaller than the value in the plane-wave incidence, but is still very large. This value decreases as W decreases. Since each Fourier component in the incident beam experiences a different phase shift from each other, the reflected beam, which is the sum of the reflected Fourier components, gets a much smaller GH shift than the case of the plane-wave incidence. As the half-width of the Gaussian beam increases, the magnitude of the lateral shift of the reflected beam increases and approaches the value for the plane-wave incidence. The reflectance for plane waves takes a dip at θ = 62.33
• and the maximum of δ r occurs at the reflectance dip.
In figure 5(b) , we show the normalized half-width of the reflected beam, W r /W , as a function of the incident angle for each half-width of the incident Gaussian beam. We find that the half-width of the reflected beam at the reflectance dip is substantially larger than that of the incident Gaussian beam. The relative distortion of the reflected beam profile is larger for narrower beams and does not disappear at θ i ≈ 62.33
• as the beam width W increases.
In figure 6(a) , we plot δ r as a function of the incident angle for different values of In figures 7(a) and 7(b), we plot the magnetic field intensity distribution associated with the reflected beam at the reflectance dip (θ i = 62.33
• ) for several different values of W , when x m = x m,f and x m = x m,b respectively. In all cases, we observe clearly that the reflected beam is split into two parts. In the case of the plane-wave incidence, the reflectance is very low. This should apply to other Fourier components as well, so the intensity of the reflected beam is substantially weaker than that of the incident beam.
In figure 7 (c), we compare the magnetic field profiles associated with the reflected beams corresponding to the backward (x m = x m,b ) and forward (x m = x m,f ) GH shifts, when W = 320 µm and θ i = 62.33
• . We observe that the left peak is larger than the right peak in the case of the backward GH shift, while it is vice versa in the case of the positive GH shift. The maximum forward GH shift for the beam with W = 320 µm is about 495 times of the wavelength (∼ 313 µm), which is sufficiently large to be observable in figure 7 . We mention briefly on the GH shift of the transmitted beam, δ t (= ∆ t /λ), as a function of the incident angle for several values of W . We find that δ t is positive in all cases and depends very weakly on W . The maximum value of ∆ t is about seven times of the wavelength (∼ 4.4 µm). For the normalized half-width of the transmitted beam W t /W , we find that the value at the reflectance dip is slightly larger than 1. We also find that there is no splitting in the magnetic field intensity distribution of the transmitted beam. The spatial profiles of the transmitted beam look similar to those of the incident Gaussian beam. If we employ a substrate with its refractive index less than 1.5676, we obtain an evanescent transmitted beam. Then there will be another SPP excited at the metal-substrate interface, enhancing the GH shift even further.
There have been several experiments showing both positive and negative GH shifts. In particular, there exist two experiments that have used experimental parameters similar to ours [50, 52] . In [49] , the totally reflected p-polarized wave is heterodyned with the s-polarized wave from the same laser source. In [52] , a position-sensitive detector produces a signal that is proportional to the difference of the lateral displacements of sand p-polarized waves. Since an s wave does not excite SPPs, the obtained signal gives the GH shift of the p-polarized wave in both cases. Following similar schemes, it will not be difficult to set up an experiment in the Otto configuration to test our results.
Conclusion
In this paper, we have studied the influence of the surface plasmon excitation on the GH effect theoretically, when a Gaussian beam of a finite width is incident on a dielectricmetal bilayer in the Otto configuration. Using the invariant imbedding method, we have calculated the GH lateral shifts of the reflected and transmitted beams and the widths of these beams relative to that of the incident beam. We have found that the lateral shift of the reflected beam depends very sensitively on the thickness of the metal layer and the width of the incident beam. Close to the incident angle at which surface plasmons are excited, the lateral shift of the reflected beam has been found to change from large negative values to large positive values as the thickness of the metal layer increases through a critical value. The maximal forward and backward lateral shifts can be as large as the half-width of the incident beam. As the width of the incident Gaussian beam decreases, we have found that the size of the lateral shift decreases rapidly, but the relative deformation of the reflected beam increases. In all cases studied, we have found that the reflected beam is split into two parts. Finally, we have found that the lateral shift of the transmitted beam is always positive and very weak. The lateral shift of the reflected beam studied here is large enough to be considered for application to optical devices.
